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o A discrete Bulk Hamiltonian on Graphene in ¢*(Z?,C?)
Let 0 # t € R be a constant (hopping parameter).

B
(H1¢)n1 My t(]abnl Mo T wnl n2 1 nl—l,nz )’

< (7/11,7/12) c Zz.
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A discrete Edge Hamiltonian on Grahene in ¢*(IN x Z, C?)
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< (Hﬁgb)nl My — t(labnl pr7b) T wnl Mo — 1 n1—1,n, )’
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with the Dirichlet boundary condition on

(1/11,7”12) e NXxXZ




A fiber operator of H;(k) and Hf(k)

For a quasi-momentum k € S' = [-7, ], define fiber
operators {H;(k)}ieq in €2(Z, C?) as

(Hi(y)s = —HyB +e ™yl +yP ),

\ER @S, = —tetph + g gy, " EE
and {HF (k)}xes in (2(N, C2) as

(118 A B —ik, B B

(Hi()Y),, = -ty + e, + ¢, ),

\H QR = —tErph +r, +uh), S

with the Dirichlet boundary condition ¢ = % = 0.
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Then,

- ® dk
Hy := Hl(k)z—
gl TC

in the Hilbert space H := L*(S!, (3(Z, C?), &) is defined as

(Hip)(k) = Hy(kyp(k), keS', 1€ dom(H).
The domain of Hj is defined by the set of ¥ € H such that
e p(k) € dom(H;(k)),
dk
® . ”Hl(k)w(k)”é(ZICZ)E < 0.

S
In a similar way, Elf = Hf(k)j—k is defined.
gl 5 7



The periodicity of H; and Hf on n, yields
D D
Hy =~ Hl(k)% and Hf ~ f Hf(k)%.
gl 27t gl 27T

Let (T, T(k)) = (Hy, Hi(k)), (H, HE (k). According to
[Reed-Simon |V, Section XlIl], we have

o A eo(T)
< For any € > 0, the following is valid:

m(fk e St o(T(k) N (A —€,A+¢€)#0)) > 0.
e M eo,(T) = m(lke S| A ea,(T(k)}) > 0.
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Proposition 1.1. ([Graf-Porta, 2013], [Fujita at el, 1996])
Fork € (-mt,—2m) U (371, m), 0 € a,(H: (k). Thus, 0 € a,(H?).

Proof. Note that H* (k) = 0 (i = (4, ¥B)T) is equivalent to

( B +(1+e ™yl =0,
Py + L+ M)y =0,

Since 1+ ¢ = 0  k = +n and the Dirichlet b.c. % =0,

n € IN.

1705 =0, n € INp.
Fork € (—m, —%n) U (%n, 1), we have

1 .
cosk < ~5 > (1 +cosk)? +sink<1 |1+ <1.

/



Thus, we have

A =1 +eMd, nelN.

n+1

Hence, we have

Z‘” 1

2 _ A2 _ A2

||¢||52(N,C2) — |17bn| — 1 _ |1 N eik|2 |17b1 | < +00
n=0

for any ¢ € C. Thus, 0 € aP(Hf(k)).
Since m((-n, —%m) U (%7, m)) is positive, we have

0 € GP(Hf).



2 Aim and Known Results

Aim of this talk
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o An Edge Hamiltonian H* in L2(T'gqq.) 0N Graphene

Fig. 1 T'rqee; Graphene with zigzag boundaries.
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(1) T'dge = (Epdge, VEdge)-

(2) g € L*(0,1); real-valued.

(3) For Ve € Eggqe, the Edge Hamiltonian H* in L*(Tgqge) acts
dasS

(H*y)e(x) = =y (x) + q(0)y.(x), x€(0,1) ~e,

where y € Dom(H") satisfies
(a) the Kirchhoff vertex condition at You € Vigge \ dl'Edge,
(b) the Dirichlet boundary condition on (zigzag) edges.
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o A Bulk Hamiltonian H in L?(I'g,) on Graphene

Ant3k-1 Antak

Antak+2
n+2,3,k+2

Anta k1

B2 k2

m1,1.k+2

nt1,2,k+
Br+1.k+1

Bnt1,k-1

nt1,1,k-1

Ant1 g1 Ant1k+1

n,1k+1
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No Edge No Edge No Edge No Edge No Edge No Edge No Edge

Fig. 2 TI'guk; Graphene without any boundary.
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(1) I'suk = (EBuik, VBulk)-
(2) g € L*(0,1); real-valued.
(3) For Ve € Egyx, the Bulk Hamiltonian H in L?*(T'g,x) acts as

(Hy)e(x) = =y, (x) + q(0)ve(x), x€(0,1) ~e,

where y € Dom(H) satisfies the Kirchhoff vertex
condition at Vv € Vgyx:

.
n O = Y- 1 = Y, _ O ,
: y, 1k(0) y’ 1,2k(1) y’ 1,3,k(0) At A,
\yn,l,k(o) o yn—l,Z,k(l) + yn_1,3lk(0) — O
)
]/n,l,k(l) — yn,Z,k(O) — yn,B,k—l(l)/
) / / / at BTl,k
\_yn,l,k(l) + yn,Z,k(O) _ yn,3lk_1(1) =0
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o Known Results
Notations

(1) Let op be the set of eigenvalues of the spectral problem
-y"+qy=Ay on (0,1) and y(0)=y(1)=0.

(2) Expand g to the 1-periodic function. Let 0(x, A) and
@(x, A) be the solutions to —y”" + gy = Ay In R satisfying

(0(0,A4),0'(0,A)) =(1,0) and (@(0,A),p"(0,A)) =(0,1).
(3) We put

0(1,A) +¢’'(1,7A)

0(1,A) —¢@'(1,A)
5 .

2

A(A) = and A_(A) =
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Theorem 2.1. (P Kuchment-O. Post, 2007)
() (Basic spectral structure) There exists some sequence

+ — + — + — +
< < < < <ooo< .< '<oooﬁ+w
AP < AT S AT < A5 <A AT <A

such that
0(H) = 0,c(H) U 0,(H),

where

o,(H) = 0p, 0a(H) = U B,
j=1

and B; = [/\]f_l,)\;] for each j € IN.
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(i1) (Dispersion Relation) There exists a family of fiber
operators {H(u1, u2)} such that

D

dpadus
H_ - H((ull ‘UZ) (271)2 y

For each quasi-momentum (u1, uz) € S := [-m, =]?, the
dispersion relation is consisting of S x op and the variety
H1 — U2 t1 H2

200Y — A2(1) — r e
9OA“(A) — AZ(A) =1+ 8cos 5 €OS 7~ COS -

X Kuchment and Post proved these results for even
potentials. Evenness can be removed as stated above.
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Fig. 3 The dispersion relation for H in the unperturbed case.
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Put

_ -
F(u1, y2) =1+ 8cos 5 COS > COS >

For a fixed u», we use F,,(u1) := F(u1, u2). Its derivative
check is explicitly written:

(i) If 412 = 7, then we have 522 (1) = 0 and F(uy,m) = 1.
(ii) If uo = 0, then we have F(u1,0) =1+ 8cos? & €[1,9].
(i) If u, € (0, @), we have the followings:

H1 | 7T 5 =T 7

ir,

le — 0 + 0 —
F, 1 N | 1=2cos 2 | /| 1+2cos 2 | \




Ran F{(u1i,p2)

(1 +2cost2)?

(1 —2cos £2)?

-1 o| 1 ‘ e 3

19




Thus, the following conditions are equivalent when g = O:

o I(uy, 12) € S? s.t. 9cos® VA = F(uy, 1)
e Jdup € St s.t. (1 -2cos %)2 <9cos* VA < (1 +2cos %)2.
e Jdup e Stsit.
A€ U B,
n=1
where
ﬁp—arccos{ (1+2cos”)}, )/M—arccos{1|2co e },
;2;1 , =l =-Dr+Bf, &, ={n-Dr+y.,
y2n = (=), 5;, = (nm - Bu)?,

‘uZn 1 — [E‘uZn 27 [,1,271—1]’ yZn [E‘UZn 17 yZn]'
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Fig. 4 The dispersion relation for H in the unperturbed case.
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3 Main Results for Hf

We put aﬁ = op(Hﬁ) \o,(H). Fora A € afﬂ the corresponding
eigenfunction is called an edge state.

Theorem 3.1. (N, 2021, "Results in Mathematics’)
() (Basic spectral structure) We have

o(H*) = o(H) U o, = (U Bj) Uap Uk,
j=1

(i) (Existence of edge states) The energies for edge states
can be characterized as the infinite set

oh ={AeRl O(1,A)+2¢'(1,1) =0} # 0.
2.



(ili) (Location of the eigenvalues) Let us recall
/\5<AIS/\T<)\£S/\;<~-<)\;S/\;r<---—>+oo

and B; = [/\]f_l,A]T] for each j € IN.
Putting

G; = (/\]7,/\7) and Gj= [)\]T,/\;]

for each j € N, we have

O O
op C U Gy, and aﬁ C U Goj—1.
n=1 n=1
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4 Main Results for fiber operators of H

N

Since H* is periodic in a, = A1 A1 1, we construct

H*~ | Hi(u)5-.




For each quasi-momentum u € S' = [-7, ], the fiber
operator H*(u) in L2(Trage0) (Se€ Fig. 5) acts as

(HAu)y)n j(x) = =yi0 () + g)Ynj(x), x€(0,1) =T,

for a pair (n, j) of indices of an edge I';, ;.

Fig. 5 The metric graph I'egge 0
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Here, v € Dom(H*(u)) satisfies the vertex conditions
Yn,1(0) = Yu12(1) = ¥,-1,3(0), y,'“ (0) - y;,q—l,z(l) + y;_l,g(O) =0,
Yu1(1) = ¥n2(0) = ey, 3(1), =y, (1) + 1,,,(0) — ey 5(1) = 0

at vertices {A,, o}u>2 and {B,, o}nen, @s well as the Dirichlet
boundary condition: y ;(x) = 0 (j = 2,3) and y1,1(0) = 0.




4.1  o(H*(u)) in the unperturbed case

For the simplicity, we here state

the results on o(H"(u)) in the case of g = 0.

For u € [-m, ] and n € IN, we recall

— + —
By,Zn—l _[ u,2n—27 ‘u,21fl—1]’ [,121/1 [CS[JZH 17 H2”l]

and define their gap

Gu,n — (5;,11/ é:l-n)

27
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Spectral bands

5

DI edge states

2
U = =7t

3

Gu,2

(no eigenvalues)

Bu,2

A = (T( ik :3“}2

Fig. 6 The dispersion relation for H* in the unperturbed case.
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Theorem 4.1. Assume thatq =0 and fix u € (—m, ).

(1) If A € op := {n*’m?| n € N}, then we have A € Uiz1 Gu2j
and A € ap(Hﬁ(p)).
(2) LetA ¢ op and A € U, B, j. Then, A € o(H*(u)).
IfA e Uz B, then A ¢ GP(Hﬁ(‘u))
IfA e Uz, BBM and u # £27, then A ¢ a,(H¥(p)).
(3) Let A ¢ op and A € U]_O GW
(A) If cos VA # 0, then A € p(Hﬁ(H))
(B) Ifcos VA =0 and u # +%m, then A € U2, Gyzi-1 and
the following three cond/t/ons are equivalent:
() u € (—m, —%n) U (%n, n), (ll) A€ ap(Hﬁ(‘u)),
(i) A € o(H*(u)).
29



For each n € IN, we put

Bi= | ) Bun= [{%(n - 1)}2,(%1)2].

Theoerm 4.1 yields Theorem 3.1 in the unperturbed case:

Theorem 4.2. Assume thatq = 0. Then, we have

G(Hﬁ) = [0, ) = U B,|Uop U Gﬁ,

where op = {n?*m*| n € N} and aﬁ = {1 € R| cos VA = 0).
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4.2 o(H*(u)) in the perturbed case

For u € S\ {xn} = (-7, ), we put

F(u,A) = 4cis% (9A2(/\) — A%(A) — 1 — 4 cos? g) (1)

1
\ Gp, 1 / \ GH, 3 / GH,4
40

Gu,2
[=] 10 20 (o]
Bp,[1 B, 2 B, 3 Bp,4
—1

s

Fig. 7 A graph of the discriminant F(u, A).
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The jth band B, ; and gap G, ; for j € IN are characterized
by F(u, ) as

[F(u,A)l <1 on UBW and |F(u,A)/>1 on UGW’
j=1 j=0

Moreover, we put G, := (—o0,inf B, 7).

)

1

\ Gp, 1 / Gp,2 \ Gu,3 / Gu,4
o 10 20 (8] 40
Bu,[1 Bu,2 Bu,3 Bu,4

=1

Ny
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Theorem 4.3. Fix u € (-7, 7).

(1) If A € op, then we have A € U2 G,2; and A € a,(H()).
(2) LetA ¢ op and A € U, B j. Then, A € o(H(u)).
IfA € U, B, then A ¢ GP(Hﬂ(p))
IfA e Uz, aB wj and u # £3m, then A ¢ o,(H*(u)).
(3) Let A ¢ op and A € U]_O GW
(A) IfO(1,A) +2¢'(1,A) # 0, then we have A € p(H*(u)).
(B) IfO(1,A) +2¢’(1,A) =0 and u # +% 7, then
A € UL Guaj1 and the fo//owmgs are equivalent:
() u e (-m,-53m) U (G, m), (i) A € op(HA(u)),
(i) A € o(H*(u)).
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For each n € IN, we put
U B‘u o Gn = ﬂ Gy,n-
UE(—1,m) ue(—m,m)

Then, we have the statements of Theorem 3.1;
For any g € L*(0, 1), we have

)
o(H%) = UB UGDUG;%,
\ =1

op C U Goy,,
n=1

oh = {AeRl O(1,A)+2¢'(1,A) =
34 n=




5 I|dea of the proof of Theorem 4.3 (3).

Define the transfer matrix M(A) := (m;;(A)); =1, by

( yn+1,1(01 A) ) _ M(/\)( yn,l(O/ A) ) for n € N.

(0,4)

Vit Y,1(0, 1)
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Straightforward calculations yield the following 2 lemmas:

Lemma 5.1. Assume that A ¢ op and u € S*\ {£m}.
Preparing M(A) := (1 + e *)M(A), we have

M(A)

) ( 2A0; + 0 ¢y P1(61 + 2¢97) )

% {—461 cos? £ + 2A(2A6; + 91@1)} —4cos® £ + 2AQA + ¢))

Note that

® P iOfOF/\%GD,
e 1+e ™ #0forueS\ {xn}.
e We used the abbrviation

(61,6, 91,9 = (6(1, 1), 0’ (1, A), (1, A), @' (1, A)).
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Lemma 5.2. Assume that A ¢ op and u € St \ {x7}. Then,
the eigenvalues of M(A) are given by the formulae

1
ST

(d(u, A) = /D(u, A)),

where

o d(u,A) =9A*(A) — A (L) — 1 — 4 cos?
o D(u,A) =d?(u,A) — 16 cos® 5.

NI":

Notation

e V(p.); the eigenspaces for the eigenvalues p..
eer=(0 1),
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Theorem 5.3. Assume that A ¢ op and u € S' \ {£n}.

(I) If D(u, A) <0, then |p+| = 1, A € a(H (1)), A & 0,(H*(u)).
(1) IfD(u,A) >0, then pLp- =1, |p+| # 1 and the followings:
(i) Ifey ¢ V(p,) ande, ¢ V(p_), then A € p(H*(u)).
(i) Assume thate, € V(p,). If|p+| <1, then A € ap(Hﬁ(y)).
Otherwise, namely, if |p,| > 1, then A € p(H*(u)).
(iii) Assume that e, € V(p-). If|p.| > 1, then A € a,(H*(w)).
Otherwise, namely, if |p,| < 1, then A € p(H*(u)).
(Ill) Assume that D(u,A) = 0.
(i) Ifmia(A) # 0, then we have A & o,(H*(u)).
(if) If u # ££m, then we have my;(A) # 0.
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Lemma 5.4. Let f : R*? - IR* defined by
f(x) = Ax,

where A = (a;;) withrank A = 1.

() Ifar, # 0, then Ker f = (( 2 )>

—Aa11

(/I) If&llz =( andﬂlzz = 0, then Ker f = <( 0 )>

(1) If a1, = 0 and ay # 0, then Ker f = <( a;z
—H21

Proof. Utilize the linear algebra.
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Utilizing these, we shall show Theorem 4.3 (3).

Proof of Theorem 4.3 (3). Assume that A ¢ op,
u € S\ {xn} and D(u, A) > 0. Taking

o d(u,A) =9A%(A) — A2(A) — 1 —4cos? &,
e D(u,A) = dz(y, A) — 16 cos? 5,
o F(u,A) = —7(9A%(A) — A2(A) = 1 — 4 cos? 5

4cos 5

Into account, we notice that

D(u,A) >0 & ld(u, A)| > 4cosg — |[F(u,A)|>1 A€ U Gy,
=0
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Proof of Theorem 4.3 (3)(A) | Consider the case of
miz(A) # 0. Then, Lemma 5.4 () yields

—myz(A) _ —m12(A)
o, — i1 (1)) )>' Vip-) = <( ~(p- = m(A) )>'

This implies that e; ¢ V(p+) and e; ¢ V(p-). Theorem 5.3
(I(i) yields A € p(H*(u)). Recall

V(p+) = <( —(

® mlz(/\) = (,01(91 + 2()01)
® iOfOf/\%UD.

Thus, we have Theorem 4.3 (3)(A):
01 + 29" 0= A € p(H*(w)).
41



91+2§0120

7\ 2 /
=9A? — A2 = (61“’)1) _(Gl_(Pl

2 & < 4cosE

2 2
d(u,A) = /D(u, A)|  4cos

=d(u,A) = -1 —4cos

=|p-I = >
P 4 cos & 4 cos

Sl <1, Ae U Gpoj1.

=1
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Proof of Theorem 4.3 (3)(B) | Consider the case of
mip(A) =0 and y # +2 =m. Then, we have



Using 9A% — A% = 0, we derive

1
P+_m22(/\):2(1+e‘i“)( 1 + 4 cos” —+‘ 1+4COSZ‘;),
— Mmp(A) = ! ( 1 + 4 cos? ‘ 1+4cosz‘u)
P 2V = S ¥ it 2

Thus, we have

o 0. —mp(l) =0 e (—n,—%n) U (%n, TT),
® 0_ — mzz()\) =0 & ue (—%ﬂ, %77)
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This combined with Lemma 5.4 (lI) and (lll) yields the
following.

o If ue (—n,—%n) U (%n, 1), then

V(p.) = <( X )> V(p-) = <( o ) )> ; <( X )>.

o If ue(—%m, 2m), then

Vip+) = <( g %;:82)@) )> + <( (1) )> V(p-) = <( (1) )>.
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These together with |p;| <1 and Theorem 5.3 (lI)(ii) yield
the following equivalence:

TS (—T(,—%ﬂ) U (%n, n) & e cV(py) &= A€ GP(Hﬁ(‘u))
and
2 2 4
U € (—gn, 571) — e cV(po) & A€ pH"(u)).

Thus, we derive the eigenvalue lines

(AeR| 01+2¢; =0} c | JGorr.
n=1
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Fig. 8 The dispersion relation for H* in the unperturbed case.
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6 An example

Let us take a step potential

¢ ifxe(d1),

19=1, ifxe(0,1),

\
where ¢ € IR. Then, we have

VA VA-c VA . VA-c . VA
2

0(1, 1) = COS —— €OS — — sin Sin —-,
(1 A)-cosﬂcos Aoc /\_Csin /\_Csinﬂ
P L,A)= 2 ) VA 2 2

For c = 20, we numerically draw a picture of the dispersion

relation for H*:
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S, flat band

Spectral bands|(no eigenvalue)
B0
-
Eigen e Ffor t ge states

Spectral |(gaps

W

S0

ﬁ =
Eigen or the-Fdge states

flat band

Il

Y

— Lo =2

Fig. 9 The dispersion relation for H* with a step potential.
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Thank you for your attention.

e This talk is based on
"Edge states of Schrodinger equations on graphene with
zigzag boundaries, Results in Mathematics, 76 (2021),
no. 2, 55’

e You can get this slide at the following page:
http://www.maebashi-it.ac.jp/ niikuni/slide/20210423.pdf

This work is supported by
JSPS KAKENHI Grant number 17K14221 and 21K0O3273.
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